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Abstract
In this paper, we study the normality of a family of meromorphic functions and obtain some normality
results for meromorphic functions, which improve and generalize the related results of Gu, Bergweiler and
Lin.
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1. Introduction and main results
Let D be a domain in C, and F be a family of meromorphic functions defined in D. F is
said to be normal in D, in the sense of Montel, if for any sequence fn ∈ F there exists a sub-
sequence fnj , such that fnj converges spherically locally uniformly in D, to a meromorphic
function or ∞.
In 1979, Gu [1] proved the following well-known normality criterion, which was a conjecture
of Hayman [2].
Theorem A. [1] Let F be a family of meromorphic functions defined in D, and let k be a positive
integer. If, for every function f ∈F , f = 0, f (k) = 1, then F is normal.
In 2000, Bergweiler [3] improved the above result for the case k = 1, by allowing f to have
zeros, but restricting the value f ′ can take the zeros of f .
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morphic in D which satisfy the following conditions:
(1) If z ∈ D, then f ′(z) = 1.
(2) If z ∈ D, and f (z) = 0, then 0 < |f ′(z)|K .
(3) If Δ is a disk in D and if f has m 2 zeros z1, z2, . . . , zm ∈ Δ, then there exists k ∈ {−1} ∪
{1,2, . . . ,m − 2} such that∣∣∣∣∣
m∑
i=1
f ′(zi)k − mk+1
∣∣∣∣∣ ε.
Then F is normal.
Recently, Lin and Yi [4] extended the above result by following f ′ = 1, but restricting the
value f can take the 1 of f ′.
Theorem C. [4] Let A,B and ε be positive real numbers, and let F be a family of all functions
meromorphic in D which satisfy the following conditions:
(i) If z ∈ D, and f ′(z) = 1, then |f (z)|A.
(ii) If z ∈ D, and f (z) = 0, then 0 < |f ′(z)| B .
(iii) If Δ is a disk in D and if f has m 2 zeros z1, z2, . . . , zm ∈ Δ, then∣∣∣∣∣
m∑
i=1
f ′(zi)−1 − 1
∣∣∣∣∣ ε.
Then F is normal.
A natural problem: what can we say if f ′ is replaced by kth derivative f (k) in Theorem C? In
this paper, we obtain the following results, which improve and generalize above results.
For the case k  3, we have
Theorem 1. Let k be a positive integer such that k  3 and A, B be two positive real numbers.
Let F be a family of meromorphic functions in a domain D and a(z) be a non-vanishing analytic
function in D. If, for every function f ∈F , f has only zeros of multiplicity at least k and satisfies
the following conditions:
(i) If z ∈ D, and f (k)(z) = a(z), then |f (z)|A.
(ii) If z ∈ D, and f (z) = 0, then 0 < |f (k)(z)| B .
Then F is normal.
Remark 1. Theorem 1 shows that for the case k  3 it is still valid without the condition such
as (iii) in Theorem C.
For the case k = 2, we have
L. Liu / J. Math. Anal. Appl. 331 (2007) 177–183 179Theorem 2. Let A, B be two positive real numbers. Let F be a family of meromorphic functions
in a domain D and a(z) be a non-vanishing analytic function in D. If, for every function f ∈F ,
f has only zeros of multiplicity at least 2 and satisfies the following conditions:
(i) If z ∈ D, and f ′′(z) = a(z), then |f (z)|A.
(ii) If z ∈ D, and f (z) = 0, then 0 < |f ′′(z)| B .
(iii) All poles of f are of multiplicity at least 3.
Then F is normal.
Theorem 3. Let A, B be two positive real numbers. Let F be a family of meromorphic functions
in a domain D and a(z) be a non-vanishing analytic function in D. If, for every function f ∈F ,
f has only zeros of multiplicity at least 2 and satisfies the following conditions:
(i) If z ∈ D, and f ′′(z) = a(z), then |f (z)|A.
(ii) If z ∈ D, and f (z) = 0, then 0 < |f ′′(z)| B .
(iii) If Δ is a disk in D and if f has m (3  m  4) zeros z1, z2, . . . , zm ∈ Δ, then there exist
h ∈ {1,2, . . . ,m − 2} such that∣∣∣∣∣
m∑
i=1
f ′′(zi)h − mh+1
∣∣∣∣∣ ε.
Then F is normal.
2. Some lemmas
To prove our results, we need some lemmas.
Lemma 1. [5] Let k be a positive integer and let F be a family of functions meromorphic in a
domain D, such that each function f ∈ F has only zeros of multiplicity at least k, and suppose
that there exists A  1 such that |f (k)|  A whenever f (z) = 0, f ∈ F . If F is not normal at
z0 ∈ D, then, for each 0 α  k, there exist a sequence of points zn ∈ D, zn → z0, a sequence
of positive numbers ρn → 0, and a sequence of functions fn ∈F such that
gn(ξ) = ρ−αn fn(zn + ρnξ) → g(ξ)
locally uniformly with respect to the spherical metric, where g is a non-constant meromorphic
function on C such that g(ξ) g(0) = kA + 1. Moreover, g has finite order.
We denote the residue of a meromorphic function f at a point z by res(f, z). By an elementary
computation, we have
Lemma 2. [3] Let f (z) = z + a + b
(z−c)l with a, b, c ∈ C, b = 0, l ∈ N , and let p ∈ {0,1, . . . , l},
then
res
(
(f ′)p
f
, c
)
= 1 − (l + 1)p.
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a positive integer and A be a positive real number. Suppose that f has only zeros of multiplicity
at least k, |f (k)(z)|  A when f (z) = 0, then, for each l, 1  l  k, f (l)(z) assumes any finite
non-zero value infinitely often.
Lemma 4. [6] Let f (z) = anzn + an−1zn−1 +· · ·+ a0 + p(z)q(z) , where a0, a1, . . . , an are constants
with an = 0, p and q are two co-prime polynomials with degp < degq , let k be a positive integer.
If f (k) = 1, then
f (z) = 1
k!z
k + · · · + a0 + 1
(az + b)m ,
where a (= 0), b are constants, m is a positive integer.
Lemma 5. Let f be a non-constant meromorphic function with finite order, and let k  2 be a
positive integer and A be a positive real number. Suppose that f has only zeros of multiplicity
at least k, |f (k)(z)|A when f (z) = 0, and f (k) = 1, then one of the following two cases must
occur:
(1) f (z) = α(z − β)k, (1)
where α,β ∈ C, and αk! = 1.
(2) If k = 2, then
f (z) = (z + c1)
2(z − c2)2
2(z + c)2 (2)
or
f (z) = (z − c1)
3
2(z + c) . (3)
If k  3, then
f (z) = 1
k!
(z − c1)k+1
(z + c) , (4)
where c1, c2, c are distinct complex numbers.
Proof. By Lemma 3, we know that f must be a rational function. If f is a polynomial, then
since f (k) = 1 and f has only zeros of multiplicity at least k, f has the form (1). If f is not a
polynomial, we can write f = R + P/Q with polynomials P , Q, R satisfying degP < degQ.
Since f (k) = 1, from Lemma 4, we have
f (z) = 1
k!z
k + · · · + a0 + b
(z + c)m ,
where b (= 0), c are constants, m is a positive integer. Set
pk(z) = 1
k!z
k + · · · + a0
so that
f (z) = pk(z)(z + c)
m + b
m
.
(z + c)
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pk(z)(z + c)m + b, with multiplicity n1, n2, . . . , nq , then ni  k (i = 1,2, . . . , q). Hence c1 is a
zero of [pk(z)(z + c)m + b]′ with multiplicity n1 − 1 ( k − 1). Since[
pk(z)(z + c)m + b
]′ = (z + c)mp′k(z) + m(z + c)m−1pk(z)
and it is to see that c1 = c, then c1 is a zero of p′k(z)(z + c) + mpk(z) with multiplicity n1 − 1
( k − 1). Note that deg[p′k(z)(z+ c)+mpk(z)] = k. If k = 2, we deduce that p2(z)(z+ c)m +b
has two zeros c1, c2 with multiplicity 2 or only one zero c1 with multiplicity 3, where c1, c2 and c
are three distinct constants, then p2(z)(z+c)m +b = 12 (z−c1)2(z−c2)2 or p2(z)(z+c)m +b =
1
2 (z−c1)3. It follows that m = 2 and f has the form (2) or m = 1 and f has the form (3). If k  3,
then c1 is the only zero of p2(z)(z + c)m + b, with multiplicity k + 1, then pk(z)(z + c)m + b =
1
k! (z − c1)k+1, and hence f has form (4). This completes the proof of the lemma. 
3. Proof of the theorems
Proof of Theorem 1. Suppose F is not normal at a point z0 ∈ D. Lemma 1 implies that there
exist {fn} ⊂F , zn → z0, ρn → 0 such that
gn(ξ) = ρ−kn fn(zn + ρnξ) → g(ξ) (5)
locally uniformly with respect to the spherical metric, where g is a non-constant meromorphic
function. Moreover, g(ξ) g(0) = k(B + 1) + 1 for all ξ ∈ C. Especially, g has finite order.
Since gn(ξ) has only zeros of multiplicity at least k, by Hurwitz’s theorem, the zeros of g(ξ) are
of multiplicity at least k.
Let ξ∗ be a zero of g(ξ), then there exist ξn → ξ∗, such that gn(ξn) = ρ−kn fn(zn + ρnξn) = 0
for sufficiently large n, thus fn(zn + ρnξn) = 0. Since
g(k)n (ξn) = f (k)n (zn + ρnξn) → g(k)(ξ∗),
we deduce from condition (ii) that |g(k)(ξ∗)| B .
Obviously a(z0) = 0,∞. Now we consider two cases.
Case 1. There exists ξ0 such that g(k)(ξ0) = a(z0).
Then there exists δ > 0, such that g(ξ) is analytic on D2δ = {ξ : |ξ − ξ0| < 2δ}. Hence g(k)n (ξ)
are analytic on Dδ = {ξ : |ξ − ξ0| < δ} for sufficiently large n, and g(k)n (ξ) − a(zn + ρnξ) con-
verges uniformly to g(k)(ξ)− a(z0) on Dδ/2 = {ξ : |ξ − ξ0| < δ/2}. By Hurwitz’s theorem, there
exist a sequence ξn ∈ Dδ/2, ξn → ξ0, and g(k)n (ξn) = a(zn + ρnξn) for sufficiently large n. Since
g(k)n (ξ) − a(zn + ρnξ) = f (k)n (zn + ρnξ) − a(zn + ρnξ),
we deduce f (k)n (zn + ρnξn) = a(zn + ρnξn). Noting that |f (z)|A when f (k)(z) = a(z), by (5)
we obtain g(ξ0) = ∞. This is a contradiction.
Case 2. g(k)(ξ) = a(z0).
Without loss of generality, we may assume a(z0) = 1. Then by Lemma 5, we know that g has
the form (1) or (4) in Lemma 5. If g(ξ) = c
k! (ξ − β)k (where c = 1, β ∈ C), then |g(k)(β)| =|c| B and a simple calculation shows that
g(0)
{
k/2, if |β| 1,
|c|, if |β| 1.
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k!
(ξ−c1)k+1
(ξ+c) (where c1 and c are two distinct
constants), then g(ξ) has only one zero c1 with multiplicity k + 1. On the other hand, by the
assumption of Theorem 1, gn(ξ) has only zeros of multiplicity k, and by Hurwitz’s theorem this
also holds for g(ξ). We arrive at a contradiction. This completes the proof of Theorem 1. 
Proof of Theorem 2. Suppose F is not normal at a point z0 ∈ D. Lemma 1 implies that there
exist {fn} ⊂ F,zn → z0, ρn → 0 such that
gn(ξ) = ρ−2n fn(zn + ρnξ) → g(ξ) (6)
locally uniformly with respect to the spherical metric, where g is a non-constant meromorphic
function. Moreover, g(ξ) g(0) = 2(B + 1) + 1 for all ξ ∈ C. Especially, g has finite order.
Since gn(ξ) has only zeros of multiplicity at least 2, by Hurwitz’s theorem, the zeros of g(ξ)
are of multiplicity at least 2. Similarly as in the proof of Theorem 1, we know that |g′′(ξ)| B
whenever g(ξ) = 0.
We consider two cases.
Case 1. There exists ξ0 such that g′′(ξ0) = a(z0).
Using the same argument as in the proof of Theorem 1, we arrive at a contradiction.
Case 2. g′′(ξ) = a(z0).
Without loss of generality, we may assume a(z0) = 1. By Lemma 5, we know that g has the
form (1) (here k = 2), (2) or (3) in Lemma 5. As in the proof of Theorem 1 (case 2), we exclude
the case that g has the form (1). Then
g(ξ) = (ξ − c1)
2(ξ − c2)2
2(ξ + c)2
or
g(ξ) = (ξ − c1)
3
2(ξ + c) ,
where c1, c2, c are distinct complex numbers. Then g(ξ) has only one pole in −c with multiplic-
ity 1 or 2. However, since all poles of gn(ξ) are of multiplicity at least 3, by Hurwitz’s theorem,
we know that g(ξ) has only poles with multiplicity at least 3, a contradiction. This completes the
proof of Theorem 2. 
Proof of Theorem 3. SupposeF is not normal in D. Lemma 1 implies that there exist {fn} ⊂F ,
zn → z0 (z0 ∈ D),ρn → 0 such that
gn(ξ) = ρ−2n fn(zn + ρnξ) → g(ξ) (7)
locally uniformly with respect to the spherical metric, where g is a non-constant meromorphic
function. Moreover, g(ξ) g(0) = 2(B + 1) + 1 for all ξ ∈ C. Especially, g has finite order.
The first part of the proof is almost the same as the proof of Theorem 2. Here we only need to con-
sider the case 2. Suppose g′′(ξ) = a(z0). Without loss of generality, we may assume a(z0) = 1.
Then by Lemma 5,
g(ξ) = 1ξ2 + a1ξ + a0 + b l ,2 (ξ + c)
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proof of Theorem 1.) Thus
g′(ξ) = ξ + a0 + b1
(ξ + c)l+1 (b1 = −bl).
Let m = l + 2. Then g′(ξ) has m zeros ξ1, ξ2, . . . , ξm, counted according to the multiplicity.
Choose R such that max1im |ξi | < R. By Hurwitz’s theorem, for large n there exist m zeros
ξn,i of g′n such that ξn,i → ξi as n → ∞ for 1 i m. Then f ′n(zn + ρnξn,i) = 0 for 1 i m.
Set Δn := D(zn,ρnR), then zn + ρnξn,i ∈ Δn (1  i  m), Δn ⊂ D (for sufficiently large n),
and f ′n has no further zeros in Δn.
For h ∈ {1,2, . . . ,m − 2}, we have
m∑
i=1
(
f ′′n (zn + ρnξn,i)
)h =
m∑
i=1
(
g′′n(ξn,i)
)h =
m∑
i=1
res
(
(g′′n)h+1
g′n
, ξn,i
)
→
∑
ξ∈(g′)−1(0)
res
(
(g′′)h+1
g′
, ξ
)
as n → ∞, where in the last sum multiple zeros ξ of g′ occur only once. Obviously,
(g′′)h+1
g′
= 1
ξ
+ O
(
1
ξ2
)
as ξ → ∞, so res( (g′′)h+1
g′ ,∞) = −1. By the residue theorem and Lemma 2 we have
∑
ξ∈(g′)−1(0)
res
(
(g′′)h+1
g′
, ξ
)
= 1 − res
(
(g′′)h+1
g′
, c
)
= (l + 2)h+1 = mh+1.
Thus
m∑
i=1
(
f ′′n (zn + ρnξn,i)
)h → mh+1.
This contradicts condition (iii) and completes the proof of Theorem 3. 
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